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Ground-state properties of deformed proton-rich odd-Z nuclei in the region 59 # Z # 69 are
described in the framework of relativistic Hartree-Bogoliubov (RHB) theory. One-proton separation
energies and ground-state quadrupole deformations that result from fully self-consistent microscopic
calculations are compared with available experimental data. The model predicts the location of the
proton drip-line, the properties of proton emitters beyond the drip-line, and provides information about
the deformed single-particle orbitals occupied by the odd valence proton. [S0031-9007(99)09353-9]
PACS numbers: 21.60.Jz, 21.10.Dr, 23.50.+z, 27.60.+ jThe decay by direct proton emission provides the
opportunity to study the structure of systems beyond
the drip-line. The phenomenon of ground-state proton
radioactivity is determined by a delicate interplay between
the Coulomb and centrifugal terms of the effective poten-
tial. While low-Z nuclei lying beyond the proton drip-line
exist only as short lived resonances, the relatively high
potential energy barrier enables the observation of ground-
state proton emission from medium-heavy and heavy
nuclei. At the drip-lines proton emission competes with
b1 decay; for heavy nuclei also fission or a decay can
be favored. The proton drip-line has been fully mapped
up to Z ­ 21, and possibly for odd-Z nuclei up to In [1].
No examples of ground-state proton emission have been
discovered below Z ­ 50. Proton radioactivity has been
studied from odd-Z nuclei in the two spherical regions
from 51 # Z # 55 and 69 # Z # 83. The systematics
of proton decay spectroscopic factors is consistent with
half-lives calculated in the spherical WKB or distorted-
wave Born approximation (DWBA). Recently reported
proton decay rates [2] indicate that the missing region
of light rare-earth nuclei contains strongly deformed
nuclei at the drip-lines. The lifetimes of deformed proton
emitters provide direct information on the last occupied
Nilsson configuration, and therefore on the shape of the
nucleus. Modern models for proton decay rates from
deformed nuclei have only recently been developed [3].
However, even the most realistic calculations are not based
on a fully microscopic and self-consistent description
of proton unstable nuclei. In particular, such a descrip-
tion should also include important pairing correlations.
The model that we use for the description of ground-
state properties of proton emitters is formulated in the
framework of relativistic Hartree-Bogoliubov (RHB)
theory. Models of quantum hadrodynamics that are based
on the relativistic mean-field approximation have been suc-
cessfully applied in the description of a variety of nuclear
structure phenomena in spherical and deformed b-stable0031-9007y99y82(23)y4595(4)$15.00nuclei [4] and, more recently, in studies of exotic nuclei
far from the valley of b stability. RHB presents a rela-
tivistic extension of the Hartree-Fock-Bogoliubov theory.
It was derived in Refs. [5,6] in an attempt to develop a
unified framework in which relativistic mean-field and
pairing correlations could be described simultaneously.
Such a unified and self-consistent formulation is especially
important in applications to drip-line nuclei, in which the
separation energy of the last nucleons can become ex-
tremely small, the Fermi level is found close to the particle
continuum, and the lowest particle-hole or particle-particle
modes are embedded in the continuum. The RHB model
with finite range pairing interactions has been used to
describe halo phenomena in light nuclei [7], the neutron
drip-line in light nuclei [8], the reduction of the spin-orbit
potential in drip-line nuclei [9], ground-state properties of
Ni and Sn isotopes [10], and the deformations and shape
coexistence phenomena that result from the suppression
of the spherical N ­ 28 shell gap in neutron-rich nuclei
[11]. In particular, in Ref. [12] we have applied the
RHB model to describe properties of proton-rich spherical
even-even nuclei 14 # Z # 28 and N ­ 18, 20, and 22.
It has been shown that the model correctly predicts the
location of the proton drip-line. The isospin dependence
of the effective spin-orbit potential has been studied.
In the relativistic Hartree-Bogoliubov model, the
ground state of a nucleus jFl is represented by the
product of independent single-quasiparticle states. These
states are eigenvectors of the generalized single-nucleon
Hamiltonian which contains two average potentials: the
self-consistent mean-field Gˆ, which encloses all the long
range particle-hole (ph) correlations, and a pairing field Dˆ,
which sums up the particle-particle (pp) correlations. The
single-quasiparticle equations result from the variation
of the energy functional with respect to the Hermitian
density matrix r and the antisymmetric pairing tensor k.
In the Hartree approximation for the self-consistent mean
field, the relativistic Hartree-Bogoliubov equations readˆ
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m is the nucleon mass
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The chemical potential l has to be determined by the
particle-number subsidiary condition in order that the ex-
pectation value of the particle-number operator in the
ground state equals the number of nucleons. The col-
umn vectors denote the quasiparticle spinors, and Ek are
the quasiparticle energies. The Dirac Hamiltonian con-
tains the mean-field potentials of the isoscalar scalar s
meson, the isoscalar vector v meson, the isovector vector
r meson, as well as the electrostatic potential. The RHB
equations have to be solved self-consistently with poten-
tials determined in the mean-field approximation from so-
lutions of Klein-Gordon equations. The equation for the
s meson contains the nonlinear s self-interaction terms.
Because of charge conservation, only the third compo-
nent of the isovector r meson contributes. The source
terms for the Klein-Gordon equations are calculated in the
no-sea approximation. In the present version of the model
we do not perform angular momentum or particle-number
projection.
The pairing field Dˆ in (1) is an integral operator with
the kernel
Dabsr, r0d ­
1
2
X
c,d
Vabcdsr, r0dkcdsr, r0d , (3)
where a, b, c, and d denote quantum numbers that
specify the Dirac indices of the spinors, Vabcdsr, r0d are
matrix elements of a general relativistic two-body pairing
interaction, and the pairing tensor is defined as
kcdsr, r0d ­
X
Ek.0
UpcksrdVdksr
0d . (4)
In most of the applications of the RHB model we have
used a phenomenological nonrelativistic interaction in the
pairing channel: the pairing part of the Gogny force
V pps1, 2d ­
X
i­1,2
e2fsr12r2dymi g
2
3 sWi 1 BiPs 2 HiPt 2 MiPsPtd , (5)
with the set D1S [13] for the parameters mi , Wi , Bi , Hi ,
and Mi si ­ 1, 2d. This force has been very carefully
adjusted to the pairing properties of finite nuclei all over
the periodic table. In particular, the basic advantage of
the Gogny force is the finite range, which automatically
guarantees a proper cutoff in momentum space.
The eigensolutions of Eq. (1) form a set of orthogo-
nal and normalized single-quasiparticle states. The
corresponding eigenvalues are the single-quasiparticle
energies. The self-consistent iteration procedure is per-4596formed in the basis of quasiparticle states. A simple block-
ing procedure is used in the calculation of odd-proton and/
or odd-neutron systems. The blocking calculations are per-
formed without breaking the time-reversal symmetry. The
resulting quasiparticle eigenspectrum is then transformed
into the canonical basis of single-particle states, in which
the RHB ground state takes the Bardeen-Cooper-Schrieffer
form. The transformation determines the energies and oc-
cupation probabilities of the canonical states.
The input parameters are the coupling constants and
masses for the effective mean-field Lagrangian and the
effective interaction in the pairing channel. As in most
applications of the RHB model, we use the NL3 effective
interaction [14] for the relativistic mean field (RMF)
Lagrangian. Properties calculated with NL3 indicate that
this is probably the best RMF effective interaction so far,
for nuclei both at and away from the line of b stability.
For the pairing field we employ the pairing part of the
Gogny interaction, with the parameter set D1S [13].
In Fig. 1 we display the one-proton separation energies
SpsZ, Nd ­ BsZ, Nd 2 BsZ 2 1, Nd (6)
for the odd-Z nuclei 59 # Z # 69, as a function of the
number of neutrons. The model predicts the drip-line
nuclei: 124Pr, 129Pm, 134Eu, 139Tb, 146Ho, and 152Tm. In
heavy proton drip-line nuclei the potential energy barrier,
which results from the superposition of the Coulomb and
centrifugal potentials, is relatively high. For the proton
decay to occur the odd valence proton must penetrate
the potential barrier, and this process competes with b1
decay. Since the logarithm of the half-life for proton
decay is inversely proportional to the energy of the odd
6062646668707274767880828486
Neutron number
-1.5
-1.0
-0.5
0.0
0.5
Pr
ot
on
 s
ep
ar
at
io
n 
en
er
gy
 (M
eV
)
Pr
Pm
Eu
Tb
Ho
Tm
69 67 65 63 61 59
FIG. 1. Calculated one-proton separation energies for odd-Z
nuclei 59 # Z # 69 at and beyond the drip-line. Results of
self-consistent RHB calculations are compared with experimen-
tal transition energies for ground-state proton emission in 131Eu,
141Ho [2], 145Tm [15], and 147Tm [16]. Empty squares denote
the negative values of the transition energies Ep , and reported
experimental errors are indicated by the space between horizon-
tal lines.
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immediately after the drip-line. Proton radioactivity is
expected to dominate over b1 decay only when the
energy of the odd proton becomes relatively high. This
is also a crucial point for the relativistic description of
proton emitters, since the precise values of the separation
energies depend on the isovector properties of the spin-
orbit interaction.
The calculated separation energies should be com-
pared with recently reported experimental data on pro-
ton radioactivity from 131Eu, 141Ho [2], 145Tm [15],
and 147Tm [16]. The 131Eu transition has an energy
Ep ­ 0.950s8d MeV and a half-life 26s6d ms, consistent
with decay from either a 3y21f411g or 5y21f413g Nils-
son orbital. For 141Ho the transition energy is Ep ­
1.169s8d MeV, and the half-life 4.2s4d ms is assigned to
the decay of the 7y22f523g orbital. The calculated pro-
ton separation energy, both for 131Eu and 141Ho, is of
20.9 MeV. In the RHB calculation for 131Eu the odd
proton occupies the 5y21f413g orbital, while the ground
state of 141Ho corresponds to the 7y22f523g proton or-
bital. This orbital is also occupied by the odd proton in
the calculated ground states of 145Tm and 147Tm. For
the proton separation energies, we obtain 21.46 MeV in
145Tm and 20.96 MeV in 147Tm. These are compared
with the experimental values for transition energies: Ep ­
1.728s10d MeV in 145Tm, and Ep ­ 1.054s19d MeV in
147Tm. When compared with spherical WKB or DWBA
calculations [17], the experimental half-lives for the two
Tm isotopes are consistent with spectroscopic factors for
decays from the h11y2 proton orbital. Although our pre-
dicted ground-state configuration 7y22f523g indeed origi-
nates from the spherical h11y2 orbital, we find that the two
nuclei are deformed. 145Tm has a prolate quadrupole de-
formation b2 ­ 0.23, and 147Tm is oblate in the ground
state with b2 ­ 20.19. Calculations also predict pos-
sible proton emitters 136Tb and 135Tb with separation en-
ergies 20.90 MeV and 21.15 MeV, respectively. In both
isotopes the predicted ground-state proton configuration is
3y21f411g.
The calculated mass quadrupole deformation parame-
ters for the odd-Z nuclei 59 # Z # 69 at and beyond the
drip line are shown in Fig. 2. The Pr, Pm, Eu, and Tb
isotopes are strongly prolate deformed sb2 ø 0.30 0.35d.
By increasing the number of neutrons, Ho and Tm display
a transition from prolate to oblate shapes. The absolute
values of b2 decrease as we approach the spherical solu-
tions at N ­ 82. The quadrupole deformations calculated
in the RHB model with the NL3 effective interaction are
found in excellent agreement with the predictions of the
macroscopic-microscopic mass model [18].
The structure of proton levels, including the corre-
sponding spectroscopic factors, can be analyzed in the
canonical basis which results from the fully microscopic
and self-consistent RHB calculations. In a very recent
work [19], we performed such an analysis for the proton-FIG. 2. Self-consistent ground-state quadrupole deformations
for the odd-Z nuclei 59 # Z # 69, at and beyond the proton
drip-line.
rich odd-Z nuclei in the region 53 # Z # 69. In particu-
lar for the Eu isotopes, in Fig. 4 of Ref. [19], the proton
single-particle energies in the canonical basis have been
plotted as functions of the neutron number. For the proton
emitter 131Eu the calculations predict that the ground state
corresponds to the odd valence proton in the 5y21f413g
orbital. However, since the orbital 5y22f532g is found
at almost the same energy, it is not possible to conclude
unambiguously which state is occupied by the valence
proton. The calculation of proton decay rates from these
orbitals would perhaps provide more conclusive informa-
tion on the last occupied Nilsson configuration.
In conclusion, this study presents a detailed analysis of
deformed proton emitters 59 # Z # 69 in the framework
of the relativistic Hartree-Bogoliubov theory. We have in-
vestigated the location of the proton drip-line, the separa-
tion energies for proton emitters beyond the drip-line, and
ground-state quadrupole deformations. The NL3 effective
interaction has been used for the mean-field Lagrangian,
and pairing correlations have been described by the pair-
ing part of the finite range Gogny interaction D1S. The
RHB results for proton separation energies are found to be
in very good agreement with recent experimental data on
direct proton decay of 131Eu, 141Ho, and 147Tm. The theo-
retical value is not as good for 145Tm; the calculated and
experimental proton energies differ by more than 200 keV.
Predictions for the deformed single-particle orbitals occu-
pied by the valence odd protons are consistent with ex-
perimental half-lives for proton transitions. The model4597
VOLUME 82, NUMBER 23 P HY S I CA L REV I EW LE T T ER S 7 JUNE 1999also predicts possible proton emitters 136Tb and 135Tb. It
should be emphasized that the theoretical framework is
based on the mean-field plus pairing approximation. Cor-
relations beyond the mean-field level, in particular the ef-
fects of fluctuations, may modify some RHB results. In
specific nuclei, for example, correlations might alter the
effective mass and the resulting prediction for the last oc-
cupied Nilsson configuration. Nevertheless, the present
analysis has shown that the RHB with finite range pairing
provides a fully self-consistent microscopic model which
can be used to map the entire proton drip-line for medium-
heavy and heavy nuclei 51 # Z # 83.
This work has been supported in part by the Bun-
desministerium für Bildung und Forschung under project
06 TM 875.
[1] P. J. Woods and C.N. Davids, Annu. Rev. Nucl. Part. Sci.
47, 541 (1997).
[2] C.N. Davids et al., Phys. Rev. Lett. 80, 1849 (1998).
[3] E. Maglione, L. S. Ferreira, and R. J. Liotta, Phys. Rev.
Lett. 81, 538 (1998).
[4] P. Ring, Prog. Part. Nucl. Phys. 37, 193 (1996).
[5] H. Kucharek and P. Ring, Z. Phys. A 339, 23 (1991).4598[6] T. Gonzalez-Llarena, J. L. Egido, G.A. Lalazissis, and
P. Ring, Phys. Lett. B 379, 13 (1996).
[7] W. Pöschl, D. Vretenar, G.A. Lalazissis, and P. Ring,
Phys. Rev. Lett. 79, 3841 (1997).
[8] G.A. Lalazissis, D. Vretenar, W. Pöschl, and P. Ring,
Nucl. Phys. A632, 363 (1998).
[9] G.A. Lalazissis, D. Vretenar, W. Pöschl, and P. Ring,
Phys. Lett. B 418, 7 (1998).
[10] G.A. Lalazissis, D. Vretenar, and P. Ring, Phys. Rev. C
57, 2294 (1998).
[11] G.A. Lalazissis, D. Vretenar, and P. Ring, Phys. Rev. C
(to be published).
[12] D. Vretenar, G.A. Lalazissis, and P. Ring, Phys. Rev. C
57, 3071 (1998).
[13] J. F. Berger, M. Girod, and D. Gogny, Nucl. Phys. A428,
32 (1984).
[14] G.A. Lalazissis, J. König, and P. Ring, Phys. Rev. C 55,
540 (1997).
[15] J. C. Batchelder et al., Phys. Rev. C 57, R1042 (1998).
[16] P. J. Sellin et al., Phys. Rev. C 47, 1933 (1993).
[17] S. Åberg, P. B. Semmes, and W. Nazarewicz, Phys. Rev.
C 56, 1762 (1997).
[18] P. Möller, J. R. Nix, W.D. Myers, and W. J. Swiatecki,
At. Data Nucl. Data Tables 59, 185 (1995).
[19] G.A. Lalazissis, D. Vretenar, and P. Ring, Nucl. Phys.
A650, 133 (1999).
